
V.1 Simplicial complex in RN

������� 1 {a0, · · ·, an} ⊂ RN is geometrically independent(or affinely indepen-
dent) if a1 − a0, · · ·, an − a0 are linearly independent.

Note. geometrically independent⇔
n

∑

i=0

tiai = 0 with
n

∑

i=0

ti = 0 ⇒ t0 =

· · · = tn = 0.
Affine independence is a notion in affine space, i.e., invariant under affine
transformations.

������� 2 (n-simplex)
{a0, · · ·an} ⊂ RN �	� geometrically independent 
 ������� 
 ����� . ������� ,
σ =< a0, · · ·, an >= {x ∈ Rn|x =

n
∑

i=0

tiai , ti ≥ 0 and

n
∑

i=0

ti = 1}

=convex hull of {a0, · · ·an}
=n-simplex spanned by {a0, · · ·, an} �����! "$#%'&()+* � .

Remark
(1) ti = ti(x) for x ∈ σ is uniquely determined and called a barycentric coor-
dinate of x, and ti is a continuous function of x ∈ σ.
(2) ai=vertex of σ, n=dimσ ,.-/10.2 a simplex spanned by a subset of {a0, · · ·an}
is called a face of σ.
◦

σ := int(σ) = {x ∈ σ | ti(x) > 0 , ti = 0, · · ·, n}.

∂σ:=boundary of σ = σ −
◦

σ = {x ∈ σ | ti(x) = 0, for some i}

(3) ∀x ∈ σ, ∃! face τ of σ(denoted by τ < σ) such that x ∈
◦

τ .Indeed,

τ =< ai0 , · · ·, aik | tij(x) > 0 , j = 0, · · ·, k >. Therefore σ =
∐

τ<σ

◦

τ

������� 3 (Simplicial complex)
A simplicial complex K in RN is a collection of simplices in RN such that
(1)τ < σ, σ ∈ K ⇒ τ ∈ K, and
(2)σ, τ ∈ K ⇒ σ ∩ τ < σ and σ ∩ τ < τ .

������� 4 (Subcomplex, Dimension, p-skeleton)
(1) L ⊂ K is a subcomplex (denoted by L < K) if L is a simplicial complex in
its own right.
(2) dimK := max{dimσ|σ ∈ K}.
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(3) p− skeleton of K := Kp =the subcomplex consisting of all simplices of K
of dim≤ p.

3465�798;:< simplicial complex K =?>A@CBED�F |K| = ⋃

σ∈K

σ ⊂ RN GH IKJ!LMON�PQ D�FSRTVU � . |K| =?>
topology GH I * �SWX Y[Z\ ]�^_[`�a�bc d * � .
Topology of |K| :
(1)each of σ has the usual induced subspace topology in RN .
(2)A ⊂ |K| is closed (open, respectively) if A ∩ σ is closed(open, respectively)
in σ, ∀σ ∈ K.

|K| #% closed set eH I (2) fg ]�^_h`�a �! "$#%ji �lknm< `�aEop q |K| =?> topology rsutv GH I 34xwy `�aGH I weak (or coherent) topology ��� wy z4|{} d * � . ~v &() |K| with a weak topologyGH I K #% underlying space(or a polytope) ��� wy &()+* � .
�� ���?� 14. ,.-/��l�� �n�������T 5�7����<�� -������ X =?>	�!� Sα ⊂ X,∀α `�a wy N�PQ Sα

op q topological
spaces ,.-/u0.2 , * �SWX Y tv��?�< eH I��� ¡£¢¤ ¥ &()¦* � wy i � U � .
1.Sα ∩ Sβ is open(closed, respectively) in Sα and Sβ , ∀ α, β

2.topology on Sα∩Sβ induced from Sα= topology on Sα∩Sβ induced from Sβ`�a 0.2 X =
⋃

α

Sα =?> * �§WX Y¨Z\ ]�^_h`�a topology GH I �! "©#% ���ªK«¬ .®¯ * � .
A ⊂ X is open(closed, respectively) if A ∩ Sα is open(closed, respectively) in
each Sα.°±³² 7 knm< `�a�´¶µ< A ·¸ ¹uº} d X »�¼½ =?> topology GH I¿¾ ^À �! "©#%1i �lÁÃÂjÄÅ wy * �§WX Y eH I��� ¡£¢¤ ¥ &()¦* � .
the subspace topology of Sα as a subset of X=the original topology of Sα.

`�a topology GH I {Sα} =?> #% D�F induced ÆÇ È weak or coherent topology ��� wy z4¿{} d * � .°±uÉ a wy X ÊË� polytope Z\ homeomorphic ���ª 0.2 X GH I polyhedron `�a ��� wy &()+* � .
Note. The weak topology of |K| is finer than the subspace topology of |K| ⊂
RN , i.e., id : |K|w → |K|s is continuous.
( ¢XÍÌÏÎ!Ð" ) A ⊂ |K| ÊË� closed in |K|s `�a knm< A op q subspace topology �T closed `�a wy
A ∩ σ op q σ =?>	�!� closed `�a * � . Ñ;�Ë���Ò�!� A op q weak topology �T closed `�a * � .
Examples.
1 . [0, 1]
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Ó Ô Õ

-1 0 1

|K|= { ,Ö	×	Ø , , , , , }

(0, 1] º} d subspace topology �T RT knm< K =?>��!� open `�a�ÙÚa �� ¡ , weak topology �T RT knm<`�aÛop q closed `�a * � . ÜÝ³Þ�ß i �lknm< K #% N�PQ simplex ·¸ ¹ Z\ (0, 1] Z\ #% wà � -�$���� º} d ∅ áâ ã º} d
simplex U ��ä :< ��å�T Þ �Oævåç���T `�aEop q closed `�a * � .
2 .

K

σ

...

σ =?>è@CBED�F ◦

σ op q |K|w =?>��!� open `�a * � . ÜÝ³Þ�ß i �lknm< ◦

σ fg , σ GH Iêéìë fíî&() Þ �Ëï 7 ÙÚa τ fg #%
wà � -������ º} d ðvòñ¬ ∅ `�a wy `�aÛop q τ =?>	�!� open `�a * � . ~v &() σ fg #% wà � -������ º} d ◦

σ ó :<õô÷ö `�aø�ù��ú a σ =?>	�!� open `�a ç�å�T ◦

σ op q |K|w =?>	�!� open `�a * � .i � ÙÚa �� ¡ ◦

σ op q |K|s =?>��!� open `�a�û �lü a * � . subspace topology �T ýþ ÿ eH I 0.2 , ◦

σ »�¼½ #% &()
�n�� =?>	�!� 5�7	���< �� q����� eH Ix¾ ^	 û ��
v * � {} d simplex τ ∈ K fg �� ¡ Þ � ç���T interior point ÊË�� � «¬ ���� * � . Ñ;�l��� �!� ◦

σ op q open ,.-/ «¬ ÊË� ���� * � .
3 . If K is a finite simplicial complex in RN , then

weak topology of |K|=subspace topology of |K|.��������� (⊇) op q `�a��;a�� ^� =?>	�!� RT ø�ù¯ wy , (⊆) GH I RT `�a knm< ÆÇ È * � . F GH I |K|w =?>	�!� closed ó :<
subset `�a ��� wy i � U � . °±u² 7 knm< ðv! p q σ =?> @CBÛD�F F ∩ σ op q σ =?>	�!� closed `�a wy , σ op q
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RN =?>��!� closed `�a ç�å�T F ∩ σ op q RN =?>	�!� closed `�a * � . °±³² 7 knm< , F =⋃

σ

(F ∩ σ)

`�a ç���T closed subset #% finite union º} d ø�ù� ú a closed i � * � op q "$#" � -/ =?> Ñ;�l��� F op q
RN =?>��!� closed `�a * � .
Simplicial complex in RJ

Let J be an arbitrary index set and RJ = {f : J → R}.
Write f as (xα)α∈J , i.e., f(α) = xα.

RJ is a vector space with the usual addition and scalar multiplication.
EJ := {x = (xα)α∈J ∈ RJ |xα = 0 for all but finitely many α’s }

Topology of EJ :
Define a metric on EJ by |x− y| = max{|xα − yα||α ∈ J}.
Then EJ with this topology is called a generalized Euclidean space.

Note span{eα1
, · · · , eαN

} ∼= RN(as a topological vector space) and a simplex
σ =< a0, · · · , an > in EJ can be viewed as a simplex in RN .

All the previous definitions go through for a simplicial complex in EJ .
R∞ := EN .
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